Introduction
One common complaint concerning quantitative equity strategies is that they rely too heavily on standard risk models such as Barra or Axioma. Ostensibly this means risk metrics computed using these tools, most notably portfolio volatility and tracking error, are inaccurate if the future behavior of equities is not properly characterized by the model. This could result in exposure to considerably more risk than had been otherwise anticipated or desired.
While risk models have historically performed quite well, there have been periods when these models have failed to make reliable predictions. Although risk model errors are an unfortunate reality, in this article we show that not all portfolios are equally sensitive to these misspecifications.
In particular, we demonstrate that, all else being equal, portfolios with higher active share are much more sensitive to model errors than those with lower active share.
Therefore, confidence bands around risk metrics for high active share equity products are larger and, as a result, we have less faith in their accuracy.
Model Errors
Most risk models are comprised of two basic pieces: a set of factor exposures for each individual stock and a factor covariance matrix. With these two pieces in hand we can compute the expected volatility of a portfolio and/ or the expected tracking error of the portfolio against a benchmark index. Expected volatility is computed as:
Where P σ is the volatility of the portfolio, w is a vector of portfolio weights, f is a matrix of factor exposures, and Σ is the factor covariance matrix. We can also compute tracking error as:
Where T E σ is the portfolio tracking error and d is a vector of active weight deviations of the portfolio from a benchmark index.
Perhaps the most important risk model error is misspecification of the factor covariance matrix, such that the matrix M Σ actually used in the model is not equal to the realized covariance matrix R Σ . If this is the case, both portfolio volatility and tracking error estimates are biased. For example, the degree to which actual tracking error deviates from the risk model estimate is:
For simplicity we can define the change matrix
And the factor deviation as
and move the square to the left hand side such that:
Since most risk models are designed such that factors are uncorrelated we note that R Σ , M Σ and hence C Σ will have no non-zero off-diagonal elements. We can now write the above equation as simply:
which is just the sum of the squared factor deviations times the change in their respective factor variances. Since shows unambiguously that tracking error inaccuracies are magnified as the squared values of active weights are increased. This is directly equivalent to stating that tracking error changes are magnified as active share increases, since an increase in active share will always result in an increase in the sum of squared active weights.
Simulation
To confirm our assertion, we constructed a simple Monte Carlo simulation to study what happens to tracking error as the factor covariance matrix is perturbed. These perturbations are intended to reflect misspecifications in the covariance matrix and we will measure inaccuracies in tracking error from these misspecifications across a range of different active share levels. As we will see, tracking error inaccuracies rise polynomially with active share. Are the 1% and 2% levels of perturbation realistic? The 1% value corresponds to an expected change in factor variance of about 10% and 2% to an expected change in factor variance of roughly 14% -not at all unlikely from a historical perspective. It seems that our concern about the reliability of high active share risk metrics is warranted.
While we have focused on perturbations of the factor covariance matrix, we get very similar results when we perturb the individual stock factor exposures. Since the matrix f is simply a multiplier on the deviation vector d , we can clearly see how larger active shares once again produce significant biases in risk metric estimates when factor exposures are misspecified. Importantly, note that these errors are multiplicative and not additive. If both the factor covariance matrix and the factor exposures are misspecified, then the confidence interval around risk metrics is even more extreme.
Finally, we note that errors in either the factor covariance matrix or the factor loadings are directly synonymous with errors in the individual stock return covariance matrix. To illustrate this simply, note from Equation 2 that we can use the factor covariance matrix Σ and individual stock factor loadings f to recover the covariance matrix of individual stock returns we'll call where:
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We know, however, that this is not the case and the likelihood of errors in a specific factor increases as its return volatility becomes less stable or less consistent through time. If factor volatilities are changing, then estimates of factor covariances and loadings are probably biased.
We can get a rough gauge of factor return stability by measuring how its volatility changes through time. This measure, known as the "volatility of the volatility" or "vol. of the vol., " is simply the annual standard deviation of rolling 12-month return volatilities. The higher the "vol. of the vol. " the more the factor return volatility changes over time and the less confidence we have in risk model components associated with that factor. These findings suggest that portfolios targeted as specific factors, particularly high momentum and high volatility (i.e., high beta), are more exposed to factor model misspecifications and, hence, the confidence bands around their risk metrics are particularly wide. Fundamental equity strategies that typically have a high active share along with a relatively high exposure to momentum are particularly prone to risk metric bias. 1 In statistics this phenomenon is known as heteroskedasticity. 2 Tests for heteroskedasticity were also conducted using the Breush-Pagan (1979), Breusch-Pagan-Koenker modification (1980) and White (1980) tests. All factors were found to be heteroskedastic with the exception of Value. Skewness is defined as the third central moment about the mean: 
Misspecification of Correlations
We mentioned previously that most risk models are 
Conclusions
The results of this paper show:
• While all portfolio risk metrics are sensitive to errors in the risk model, some portfolios are more sensitive than others.
• The sensitivity of a portfolio to risk model errors rises with active share.
• Monte Carlo simulation shows that at realistic levels of risk model error the confidence bounds on risk metrics grow dramatically with active share and, therefore, these metrics may lose credibility as active share increases.
• The likelihood of risk model error depends on portfolio factor exposure. For example, the higher the exposure to momentum and volatility factors, the larger the confidence band around portfolio risk metrics.
• To minimize reliance on risk models, one should choose an equity portfolio that meets return and risk objectives, but otherwise minimizes active share and exposure to specific factors like momentum and volatility. 
